Marshall University Mathematics Competition
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a) Many solutions are possible. The answer below is just an
example.
The stack can be reordered in 6 flips by

2416355614235 5532416 > 142356 > 412356 5 321456 — 123456

b) Use the first flip to move pancake 6 to the top and then flip the whole
stack, Move 5 to the top and reverse the top S pancakes. By repeating a
similar process for 4, 3, and 2 the stack would be reordered in 10 flips.
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B C

ABC s sosceles with (15 = 40, m(#BACY = 207 m(2BCD) = 607, and
ml2CRE) = 507 Whats ml2BE0)”

180° - 30°

Solution: m(;’,-lf;’(') cl 2 ACH) = 807 so sl 2448 = 307 and

ml 2 ACL) = 20 )
ml BETY - 180° - 60° — 807 = 407 and m( LOLF) = 1807 - 207 - §0° = 50°
Let €2 by the intersection of H and DC m({i)c_’)ff) 180° - 30° - 40% = 1167
Also, mlEOCY=mlDOB) 1107
Then {2 B0C) = ml/ DOE) - 1807 - 1167 = 70°
This gives the following system of cquations:

mlsA D)+ m( 254 = 180° - 207
L £EDCY + m(£BEDY = 1807 - 70°
a2 ADEY + (L E0¢ 00 = 1807
il £ AEDY+ mls BED)+ 50° = 180°

Unfortunately this system lias an infinite number of solutions. We need a differem
approach

o . sind0®  sin§0°
Using e Law of Sines on ABCD we gel —w— = —oee

BC ne

— BC < ()= o s o o -
Thus £2C = FCSIHED « BC-2cusd0 Sind0® 2B cos 40
sind0° sin40°

Let - m{2BED) and v - ad 2DECY Then using the Las of Sies on AR

o s+ 350) sy sn(8U-30-20- 1) singl 10 - x) sinfx + 30)

BN

G EC EC BC  2.BCcosd0®

e e s v + 50
Muluplying by BC gives sl 10 xy= S Solving with a caleulator
1.532 it

produces x = mil ZBED) = 807
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On the ceiling consider lines parallel to the walls at a distance of three feet into the room.

Let O represent one corner of the ceiling, and let C represent the point (nearest O) on the
ceiling where the parallels to the wall meet each other. Construct a circular arc of radius
5 centered at point O. The circular arc intersects the parallels at points A and B, near C.
Extend line OC to meet the circle at point D.

The permissible region is a rectangle with “bites” removed from each corner.

a. By geometry point A has coordinates (3,4) and B has coordinates (4,3). (If not,
simply reverse the roles of A and B.) Point C has coordinates (3,3).

Roughtly, the triangle ABC has nearly the same area as convex figure ABDC. ABCisa
right triangle, with legs of length I . So ABC has area 2. Therefore, convex figure
ABDC has area approximately ¥2. Together the four congruent convex figures have area
approximately 2. Therefore the permissible area is roughly (20 — 6)(15 - 6) —2 = 124,

b. Circular sector AOD has area Y2 r*0, where r = radius = 5 and 0 is the central angle
AOD measured in radians. Angle AOD is arcsin(4/5) — w/4. Therefore sector AOD has
area V2 5° (arcsin{4/5) — /4

Triangle AOC can be viewed as having AC as its base (length = 1), and then its altitude
has length 3 (between C and the point (0,3) ). So triangle AOC has area 3/2.

Thus convex region ACD has arca (25/2) (arcsin(4/5) — n/4) — (3/2).

The four corner bites are 8 copies of convex region ACD. Their total area is
100(arcsin(4/5)y — n/4) — 12

The permissible regton has area (20 — 2x3)(15 — 2x3) — (100(arcsin(4/5) — n/4) - 12). In
decimals this is approximately 123.81029454 .



Solutions:

(A) Atthe end of one leg, she will be in City B, City D, or City E, each with probability
1/3. From any of these cities, she will again have three choices, each with
probability 1/3. This gives a total of nine possible routes, each with probability 1/9.
These choices are listed in the diagram below. From this diagram, it can be seen
that the probability she ends up in City A is 3/9 = 1/3.

Origin First Stop  Second Stop
13 A (1/3)x(1/3) = 1/9
13 g 3 _ ¢ (1/3)=(1/3) = 1/9
B (1/3)x(1/3) = 1/9
13 A (1/3)x(1/3) = 1/9
A 173 D 1/3 C (/73)=(1/3)=1/9
B (1/3)x(1/3) = 1/9
3, (1/3)(1/3) = 1/9
13 _ g B3 g (173)=(1/3) = 1/9
3 (13)x(113) = 1/9

(B) We already know the probabilities for the second stop if she starts in City A. The
diagram below gives the probabilities if she starts in City C.

Origin First Stop  Second Stop

U3 A (1/3)x(1/3) = 1/9

13 13 ¢ (13)x(1/3) = 1/9

13 g (1/3)=(1/3) = 1/9

3 A (1/3)x(1/3) = 1/9

" TEIN 13 (L/3)x(1/3) = 1/9
1B (U3)=(1/3) = 1/9

13 (1/3)<(1/3) = 1/9

13 B3 g (13)x(1/3) = 1/9
B3 (1/3)x(1/3) = 1/9

This diagram shows that, from City C, the probability of ending up in city A in two
legs is 2/9. Similar diagrams show that the probability is the same from City F and



City H. From this we can conclude that, if she starts in one of A, C, F, or H, she
must return to this same set of cities at the end of two legs.

Now where could she end up after four legs? Obviously, we only need to consider
the cities A, C, F, and H. In the diagrams below, let A’ represent “not A”, which
means “C, F, or H”. From these diagrams we can see that, starting at A the
probability of returning to A in four legs is 7/27; and starting at C, F, or H, the

probability of ending up at A after four legs is 20/81.

Origin

Second Stop  Fourth Stop
1/3
1/3 A
A -
A
2/9 A
23 A
7/9 A
1/3
A
219 i
A
2/3 A
209 A
7/9 A’
79 A

1/9

2/9

4/27

14/27

2127

4127

14/81

49/81

Now we can combine all this information to obtain probabilities for ten legs. The
diagram below gives these probabilities.

Origin Fourth Stop  Eighth Stop Tenth Stop
13— 4913 = 441/3°
127 A o
A’ 08/37 = 882/3°
727 A__]
20 A g0/3% = 840/3°
20127 A 219
A 980/3% = 2940/3°
A —
1/3 A 8 9
20/81 400/3% = 1200/3
20/27 2BA"—— g00/3° = 2400/3°
- U
61/81 29 A 94403

2

719 A 8540/3°




From this diagram, we see that the probability of returning to City A is given by

441+840+1200+2440 4921 _ 4921

= (.2500127.
3? 3° 19683

(C) In orxder to guarantee that she will be able to return home, she must plan a return
route after eight legs. At this point she will have to be in one of City A, City C,
City F, or City H. From any of these cities she can return home in two legs. If she
waits until the end of the ninth leg, she will be in one of City B, City D, City E, or
City G. If she were to end up in City G, she would not be able to get back to City A
in a single leg.

5. Since A, B, and C must be positive to be the lengths of the sides of a triangle,
i . .
X > 5 where x 0. We also know that the sum of two of the sides of a triangle

must be greater than the remaining side. That means we can eliminate all values
where A+ B<C,A+C<Band B+ C <A. When the values that make

—144S

6
eliminated when A + C <Borx* +x +2 <2x + 1. After eliminating the values
that make B + C < A or 3x + 3 <x” the only possible range of values for x is

—1+«/§ 3+«/2T

<x < .
2 2

A+B<Cor x> 4+ 2% +1 <x + 2 are eliminated x > . No new values are

6. One way to do this problem is to use the identities

sinA cosB = é— [sin{A — B) + sin{A + B)] and

sinA sinB = % [cos(A —B) - cos(A + B)] repeatedly.

7. One way to solve the problem is to solve for all the variables in terms of a single
variable. In the solution below all the variables are solved for A.
100D = ADG —> G = %9 ; 100D =BDF —» F = %9 ;

[00D = CDE -~ E*%Q;SOAB:2FG-—> B:% CEF=35A0

50CF =2BE -—>C:% ; ADG = 50AB - D =10; E =25A

To keep A, B, C, D, E, F, and G positive integers, A= 1, 2, or 4,

a) D =10 b) I =125, 50, or 100
8. Since logaicde = 4, 3* = cde or cde = 81. We also know that ¢, d, and ¢ being roots

of the equation make 10x> + Sax® + bx +a= 10(x-c)(x-d}(x-¢). If the factors on
the right were expanded a = -10cde. a=-10(81) = -810.





